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For describing a coherent quantum two-level system driven by a linearly time-dependent detuning,
the Landau-Zener model is routine to serve as a textbook model of its dynamics. Along this
research line, a particularly intriguing question is whether such framework can be extended to
capture an intrinsic nonequilibrium nature for a quantum system with coherent and dissipative
dynamics occurring on an equal footing. In this work, we are motivated to investigate the Landau-
Zener problem of polariton condensates in a periodic potential under nonresonant pumping by using
the driven-dissipative Gross-Pitaevskii equations coupled to the rate equation. Within the two-mode
approximation, a nonequilibrium Landau-Zener model, characterized by coherent and dissipative
dynamics occurring on an equal footing, are derived. Fundamentally different from the previous
Landau-Zener model, the total density of nonequilibrium Landau-Zener model general is not the
conserved quantity anymore due to the dissipative nature. In surprise, the parameter regimes of the
total density still being conserved can still be found. The motion of Hamiltonian of non-equilibrium
Landau-Zener problem in phase space is further discussed, which is directly corresponding to the
tunneling rate. The instability of the band structure can also be studied by the curvatures in phase
space and there may be two loops in the middle of the Brillouin zone. Detailed analysis on the
non-equlibrium nature on the tunneling rate will open a new perspective toward understanding the
Landau-Zener problem.
I. INTRODUCTION
Adiabatic transitions at avoided level crossings play
an essential role in many dynamical processes through-
out physics and chemistry with potential applications of
the quantum state preparation. The classical theoret-
ical model studying adiabatic transitions is referred as
to Landau-Zener (LZ) problem. In more detail, the dy-
namics of a quantum system are restricted to two quan-
tum states coupled with a constant tunneling matrix ele-
ment. A control parameter is swept through the avoided
level crossing at a constant velocity. The focus is on
the final occupation probability of the two states. This
pure Landau-Zener problem was solved by Landau and
Zener [1, 2] independently. Then Wu and Niu [3, 4] have
extended the LZ model from the linear quantum system
to nonlinear physical systems. Along this research line,
a timely question is whether that framework of the LZ
model can be extended to capture an intrinsic nonequi-
librium nature for a quantum system with coherent and
dissipative dynamics occurring on an equal footing.
Recently, exciton-polariton condensates attract many
interests for their exceedingly light effective mass (the or-
der of 10−5 the mass of free electrons) which can be used
to realize Bose-Einstein condense(BEC) at room temper-
ature [5–8]. It is a nonequilibrium system because the
lifetime of polaritons is short and needs to be replen-
ished by a pump laser. There are lots of work discuss
the steady states and elementary excitations of polari-
∗ The corresponding author: zhxliang@gmail.com
tons in both one and two components condensates the-
oretically and experimentally [9–19], meanwhile, nonlin-
ear phenomena like oblique dark solitons, vortices, bright
solitons and dark-bright solitons in dissipative system
bring a new research field [20–28]. Spontaneous oscilla-
tions in a microcavity polariton bosonic Josephson junc-
tion with strong imbalance of the population have been
observed in a double-well [29–32] which arise more in-
terests in studying polaritons in periodic potential. The
periodic potential in polariton has been realized by sur-
face acoustic wave(SAW) and buried mesa array in ex-
periments [33–36]. The band structure of spinor polari-
ton arises much attentions accounting for it is a natural
dissipative two-dimensional material to study topologi-
cal properties [37, 38], spin Hall effects [39, 40], the flat
band in Lie lattice [41–45] etc. Besides, tuning the inter-
action of polaritons is demonstrated by using biexcitonic
Feshbach resonance in recent experiments [46, 47]. With
these technologies, the adiabatic theory in polaritons can
be investigated experimentally and theoretically. The in-
fluence of noise and modulational instability in polaritons
have been discussed in Refs. [48–50]. However, they all
consider the reservoir has no fluctuations and substitutes
the steady-state of the reservoir to get two coupling equa-
tions.
In this work, we are motived to theoretically investi-
gate the non-equilibrium LZ problems of a polariton BEC
under nonresonant pumping trapped in a periodic po-
tential. First, we introduce an effective Hamiltonian for
polariton condensates in periodic potential by using the
mean-field approach in one dimension. We just consider
two modes of polaritons and the reservoir has fluctua-
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2tion with the same period of the given potential and the
adiabatic coefficient is added to the model to study the
Landau-Zener theory in a dissipative system. As a result,
we get a two-component Gross-Piteavskii(GP) equation
coupled to a reservoir and the effective pumping of two
components is the same in consideration.
Second, we present the steady states of the model both
numerically and analytically. Particle number of the sys-
tem may be not conserved along with time for the short
lifetime of polaritons, however, we give three cases that
the system can keep the number of polaritons by calcu-
lating dn/dt. The numerical results show the fluctuation
of the reservoir can be set to a constant when two modes
are unchanged with the time and we simplify our model
to a two-level model.
Next, we study the Landau-Zener tunneling of the sys-
tem. It is hard to define a tunneling probability of a dis-
sipative system with a non-conserved particle number, so
we just use the occupation of each states to describe this
adiabatic process. We find fluctuation has a peak near
t = 0 which leads to the atom loss and presents how the
interaction affects the occupation after tunneling.
Finally, we study the motion of the two-level dissipa-
tive LZ model in phase space obtained from the polariton
system. The imaginary part of Hamiltonian is a periodic
function along with the relative phase while the real part
can have a new result for adjustable condensate density.
When the pumping rate is far beyond the threshold, there
may be two crossovers in the middle of the Brillouin zone
as is famous for ”swallowtails” [35].
The emphasis and value of the present work are to pro-
vide a theoretical model, i.e., an extended LZ model in
describing the open quantum system with coherent and
dissipative dynamics occurring on an equal footing cap-
turing the key information of the nonequilibrium nature
affecting adiabatic transitions at avoided level crossings.
We remark that in the case of vanishing the dissipation
parameters, our model can be simplified into the coherent
model which has been widely explored both theoretically
and experimentally in the context of the ultracold quan-
tum gas [3, 4] . We hope the model adopted in this work
can serve as a simple model to study adiabatic transi-
tions at the avoided level crossing for a nonequilibrium
quantum system.
The paper is organized as follows. In Sec. II, we in-
troduce polariton in a periodic potential, which can be
described by a dissipative GPE coupled to the rate equa-
tion of a reservoir under pumping. In Sec. III, we inves-
tigate the steady states of the model both numerically
and analytically and simplify the problem into a two-
level problem. In Sec. IV, we evolute the model from the
lower level at t = −∞ to study the Landau-Zener tunnel-
ing. In Sec. V, we transform the Hamiltonian into phase
space to find the motion of fixed points under different
pumping rates. In Sec. VI, we conclude with a summary
of our main results and final remarks.
II. MODEL
In this work, we are interested in an exciton-polariton
BEC under non-resonant pumping in the presence of a
periodic potential. At the mean-field level, the dynamics
of the order parameter for the condensate labeled by ψ
can be well described by the driven-dissipative GP equa-
tion, i.e.,
i~
∂
∂t
ψ = − 1
2m
(
~
∂
∂x
− iαt
)2
ψ + V0 cos (kLx)ψ
+ g |ψ|2 ψ + gRnRψ + i~
2
(RnR − γC)ψ, (1)
with m being the mass of the polariton, g the interaction
constant, γC the decay rate of the polariton condensate,
and gR characterizing the interaction between the con-
densate and reservoir. V0 in Eq. (1) is the strength of the
periodic potential with the wavenumber of kL that can be
controlled with a spatial quantization energy modulation
of either the photonic or excitonic component [36, 51–53].
The term of α = mac in Eq. (1) can be regarded as the
vector potential gauge, which may be due to either the
inertial force in the comoving frame of an accelerating
lattice or the gravity force.
Equation (1) is coupled to an incoherent reservoir nR,
which is described by a rate equation, i.e.
∂
∂t
nR = P − γRnR −R |ψ|2 nR, (2)
where P is an off-resonant continuous-wave pumping
rate, γR is the dissipative rate of the reservoir and R
stands for the stimulated scattering rate of reservoir po-
laritons into the condensate.
Without both the periodic potential and the gauge po-
tential, i.e. V0 = 0 and α = 0 in Eq. (1), the steady-state
under a continuous-wave and uniform pumping can be
obtained as ψ0 =
√
n0e
−i(gn0+gRn0R)t/~ and n0R = γC/R
with n0 = (P − Pth) /γC and Pth = γRγC/R.
In the presence of periodic lattice potentials and the
gauge potential, i.e. V0 6= 0 and α 6= 0 in Eq. (1), there
will exist the band structure in the polariton condensate,
where the longest lifetime characterizes the lowest-band
top state. We are motivated to project Eqs. (1) and (2)
into the plane wave two-mode basis in the neighborhood
of the Brillouin zone edge of k = 1/2 and search for the
solution in the form
ψ (x, t) = a (t) eikx + b (t) ei(k−1)x, (3)
nR (x, t) = n
0
R + 2u (t) cosx, (4)
with the reservior density having a periodic fluctuation
described by the u term in Eq. (4). To simplify our
calculation, we have set ~ = m = kL = 1 and V0 is
relabbeled by v. Then, by substituting Eqs. (3)-(4) to
Eqs. (1) and (2) and only collecting the coefficients of
eikx and ei(k−1)x for Eq. (1) and eix and e−ix of Eq. (2),
we can obtain an extended LZ model as follows
3i
∂
∂t
 ab
u
 =

L (k) + g
(
|a|2 + 2 |b|2
)
v/2
(
gR +
i
2R
)
b
v/2 L (k − 1) + g
(
2 |a|2 + |b|2
) (
gR +
i
2R
)
a
− iRn0Rb∗2 − iRn
0
Ra
∗
2 −i
[
γR +R
(
|b|2 + |a|2
)]

 ab
u
 , (5)
with
L (k) =
[
1
2
(k − αt)2 + gRn0R +
1
2
i
(
Rn0R − γC
)]
. (6)
Equation (5) is the central result of this work, which de-
scribes a LZ model (i.e. Eq. (5)) for an intrinsically
non-equilibrium quantum system with coherent and dis-
sipative dynamics occurring on an equal footing. We also
remark that, to our best knowledge, the non-equilibrium
LZ problem described by Eq. (5) is investigated for the
first time in the context of the polariton condensate.
To illustrate our model based on Eq. (5) the analogies
to and differences from the pure LZ model in Refs. [1–4],
we first briefly demonstrate how Eq. (5) can be simplified
into the pure LZ model in the limiting case corresponding
to u = 0, γC = 0, R = 0, and gR = 0. Here, we are
interested in the adiabatic approach by taking α a small
value. After only keeping the linear term of α in Eq. (5),
we can arrive at the nonlinear LZ model [3, 4] as follows
i
∂
∂t
(
a
b
)
=
( −αt+Hint v2
v
2 αt−Hint
)(
a
b
)
, (7)
with Hint = g(|b|2 − |a|2). For convenience, we have
dropped out the average of the diagonal elements because
it does not affect the evolution of the probabilities. The
total probability |a|2 + |b|2 is conserved and is set to be
1. If we further let g = 0 in Eq. (7), the nonlinear
LZ model will become to be the pure LZ model as it is
expected [1, 2]. We emphasize that in the both cases of
pure LZ and nonlinear LZ, the total density labelled by
|a(t)|2+|b(t)|2 = 1 is a conserved quantity, i.e. d(|a(t)|2+
|b(t)|2)/dt = 0. In high contrast, with considering the
existence of an intrinsically non-equilibrium nature, the
probability of |a(t)|2 + |b(t)|2 immediately becomes to be
a non-conserved quantity, representing the key physics of
the non-equilibrium nature affecting the LZ problem.
III. STEADY STATES OF LANDAU-ZENER
MODEL WITH DISSIPATION
As mentioned in Sec. II, both the pure LZ and
nonlinear LZ transitions are referred as to the coher-
ent dynamical problems characterized with the total
density of |a|2 + |b|2 being conserved. Fundamentally,
the conserved total density is immediately violated [i.e.
d(|a|2 + |b|2)/dt 6= 0] for the introduction of the dissi-
pation as shown in Eq. (5). Lacking the conserved to-
tal density brings the difficulty of defining the tunneling
probability properly. To defining the tunneling probabil-
ity, our strategy is to take the value of a (or b) in the limit
of a long time with a∞ = limt→∞ a(t), which becomes to
be time-independent, by solving the equations of motion
of Eq. (5). The goal of this section is to check whether
there always exist the stationary states of our model in
the considered parameter regimes. In this end, we are
limited to the case of α = 0 in Eq. (5) and investigate
the long-time behavior of a (or b) by numerically solving
Eq. (5) with different initial conditions.
We first choose the case of vanishing periodic strength
v = 0 and check whether our numerical results can re-
cover the previous well-known results as a test of the
validity of our numerical method. As is illustrated in
Figs. 1 (a1) and (b1), for the case of the periodic poten-
tial strength v = 0, the fluctuation of the reservoir can be
set zero and the system can evolute into a stationary state
with two components are the same no matter γR < γC
or γR > γC . If u is zero, we can use the approach for
reservoir density n0R = P/(γR +R |ψ|2). For vanishing v,
the model is like a two-level system for ground and first
excited state and this ansatz can also be used into two-
dimension conditions for b, a as a function of direction
coordinate: x, y. Bloch mode dispersions of p, σ and pi
bands are observed in experiments [36].
Then we proceed to consider how the periodic poten-
tial affects the stationary states by introducing v 6= 0.
From Fig. 1 (b1)-(b2) we can find the population of two
components BECs can be different when v raises and the
fluctuation of the reservoir can be stable and nonzero.
When v/2 is close to g, occupation of each double-well de-
creases and the fluctuation of reservoir changes with time
and the occupation becomes unstable in Fig. 1(c1) with
γC < γR, while in Fig. 1 (c2) the occupation decreases
even linearly with time and the fluctuation can still be
stable. Finally, occupation of each well decreases with
the change of fluctuation |u|, that procedure can keep a
very long time as shown in Figs. 1(d1)-(d2), while the
fluctuation of reservoir becomes an oscillating function
and vibrates in a high speed. The occupation in two wells
will oscillate and decrease when v/2 > g, these phenom-
ena have been observed in recent experiments [29, 31].
The long-time-independent stationary states in Fig. 1
can be explained by calculating the time variation of the
total density probability with the help of Eq. (5) as,
d
dt
(
|a|2 + |b|2
)
= Ru (a∗b+ b∗a) . (8)
From Eq. (8), the condition of the total density proba-
bility being conserved depends on two parameters: the
fluctuation of reservoir u and the relative phase between
4(a1) (a2)
(b1) (b2)
(c1) (c2)
(d1) (d2)
Figure 1. Nonlinear dynamics of the Bloch mode amplitudes
governed by the model in Eq. (5). Parameters are used: α=0,
γC=0.33, P=35, g=0.006, gR=2g, R=0.01, the first column
γR=0.495, the second column γR=0.1, and (a1)-(a2): v=0;
(b1)-(b2): v=0.002; (c1)-(c2): v=0.01; (d1)-(d2): v=0.02 .
a and b. In such, there are three possible cases under
which the total density probability still is a conserved
quantity even with dissipation.
• Case 1: u=0, which indicates the fluctuation of
reservoir is zero. The reservoir is a very large bath
and the polariton cannot influence it.
• Case 2: |a| or |b| is zero for one of the component
vanishes. This means the particles are willing to
stay in one well.
• Case 3: The relative phase between a and b reads
θa − θb = pi2 + jpi with j bing an integer.
In what follows, we plan to further check another pos-
sible case of the total density probability still being a
(a1) (a2)
(b1) (b2)
(c1) (c2)
Figure 2. Nonlinear dynamics of the Bloch mode relative
phase θ = θb − θa governed by the model in Eq. (5). Pa-
rameters are used: α=0, γC=0.33, P=35, g=0.006, gR=2g,
R=0.01, the first column γR=0.495, the second column
γR=0.1, and (a1)-(a2): v=0.002; (b1)-(b2): v=0.01; (c1)-(c2):
v=0.02 .
conserved quantity even with dissipation. First, we con-
sider the system is still stable in the case of u being a
very small quantity compared to the reservoir density of
n0R, although the total density probability is not the con-
served quantity any more according to Eq. (8) as shown
in Fig. 1. According to Eq. (2), we can obtain the steady
value of the reservoir as follows
n0R =
P
γR +R |ψ|2
≈ P
γR
(
1− R
γR
|ψ|2
)
, (9)
for R  γR. By substituting it to Eq. (5) as done by
Ref. [29], we can obtain the analytical expression of u
u = −Rn0R
ab∗ + a∗b
2γR + 2R
(
|b|2 + |a|2
) , (10)
The density of Eq. (8) becomes to ber
dn
dt
= −R2n0R
(ab∗ + a∗b)2
2γR + 2R
(
|b|2 + |a|2
) . (11)
In this work, we limit ourselves to be the parameter
regimes of the relative phase between a and b reads
θa− θb = pi2 + jpi with j bing an integer, in which the to-
tal density is always a conserved quantity. Within these
5parameter regimes, we substitute the form of u to Eq. 5,
where the energy has a drop of Eshift = 1/8 + gRn
0
R with
the steady reservoir n0R = γC/R, then we can re-write
our model into the following form
i
∂
∂t
(
a
b
)
=
 g (2 |b|2 + |a|2)− (λ+ iχ) |b|2 − γ/2 v/2− (λ+ iχ) a∗b
v/2− (λ+ iχ) b∗a g
(
2 |a|2 + |b|2
)
− (λ+ iχ) |a|2 + γ/2
( a
b
)
(12)
with (λ+ iχ) =
(gR+ i2R)Rn
0
R
2γR+2Rn
. Eq. (12) is an effective
model’s Hamiltonian for our system and we can also de-
fine g˜12 = 2g−(λ+iχ) for an effective interaction between
the polaritons in different wells.
In Fig. 2, we investigate the relative phase of two Bloch
modes is corresponding to our analytical result, the rela-
tive phase changes between −pi/2 and 3pi/2 in Fig. 2(a1),
while in strong pumping region change between −3pi/2
and pi/2. When the fluctuation oscillates with the time
in Fig. 1, the relative phase is also oscillating around
pi/2+jpi. There are some topological properties that keep
the relative phase very important and can be used to lock
phase. In Ref. [29], they observe a smoothed sawtooth
phase evolution with a much smaller amplitude (−0.3pi
to 0.3pi) which is very close to −0.5pi and 0.5pi in our
theory and the profile of population change with time is
corresponding to ours. In Fig. 1(c2) and Fig. 2 (b2) the
population of polaritons cannot reach a balance in strong
pumping region (γR < γC), because the imaginary part
of elementary excitation can be larger than zero and the
relative phase is not exactly between −3pi/2 and pi/2 but
it is also a stable relative phase leading to linear decay.
IV. LANDAU-ZENER TUNNELING
In this section, we will pay attention to the adiabatic
process by evolving a state from t = −∞ to ∞ numeri-
cally. There are lots of work that has been done in adi-
abatic theory [3, 4, 48, 54], but for the polariton sys-
tem, there are some new results. In the past, the initial
state is set to the lower state and the upper state can
be calculated as tunneling probability for the conserved
population, however, it is difficult to define the tunneling
opportunity in an open system. We just focus on the oc-
cupation of each state before and after tunneling for the
atom loss of the system. Considering the linear of t for
Hamiltonian is dependent on time and changes slowly in
a nonlinear polariton system. In Sec.III, we investigate
the occupation of each state will oscillate and decrease
when v is large enough. More details about tunneling
will be discussed in this section.
As is vividly shown in Fig. 3, we evolute the initial
state from (a, b, u) =
(
0,
√
n0, 0
)
and find the fluctuation
has a sudden change at t = 0 from zero to nonzero. Two
levels will have a crossover near t = 0 and the initial
occupation will vanish when t > 0 for the fluctuation of
(a1) (a2)
(b1) (b2)
Figure 3. Numerical results for the time evolution of Eq.
(5) with interaction strength g=0.006. Parameters are used:
α=0.02, gR=2g, P=35, γC=0.33, R=0.01; and (a1): v=0.002,
γR=0.495; (b1): v=0.002, γR=0.1; (a2):v=0.02, γR=0.495;
and (b2): v=0.02, γR=0.1.
the reservoir. Comparing Figs. 3(a1)-(b1) with (a2)-(b2),
the peak of fluctuation in weak pumping region(γR > γC)
is lower than that in strong pumping region (γR < γC).
We can also find larger depth of periodic potential can
reduce more occupation in final states after tunneling as
is shown v = 0.02 in Fig. 3(b1) compared to v = 0.002 in
Fig. 3(a1) if we fix interaction strength. If it is a double-
well system to study the Josephson junction between two
wells, the oscillations have a short lifetime for particle
number decreases after tunneling if the temperature is
beyond zero(α > 0).
It is known to all interaction strength g can change
the tunneling probability from zero to finite value for an
adiabatic evolution and it will breakdown the Bloch oscil-
lation. In recent experiments, the interaction of polariton
can be adjusted by Feshbach resonance [47], so we can
use the numerical calculation to find the rule of tunneling
occupation along with adiabatic coefficients. The inset in
Fig. 4 is the enlarged drawing of the condition g = 0 and
we can see branch point is off the real axis leading to a
transition occupation vanishing exponentially in the adi-
abatic limit [3, 4]. The result is completely according
to the close system for we set gR = 2g and there is no
6Figure 4. Numerical results for the tunneling occupation as
a function of α using Eq. (5) with the same initial states
(a, b, u)=(0,
√
n0, 0). Parameters are used: gR=2g, P=35,
γC=0.33, γR=0.495, R=0.01 and v=0.01.
interaction between the reservoir and the polaritons but
the dissipative γC leads to the particle loss. Here, we just
consider P  Pth in Fig. 4. When interaction g is beyond
zero, occupation after tunneling will decrease after reach-
ing a peak for the fluctuation of the reservoir which is a
result of competition between Landau-Zener driving and
relaxation[55–58]. Besides, the increase of nonlinear in-
teraction between the reservoir and polaritons makes the
system stable again, which leads to dynamical stability
even though the accelerate α is much larger. The compe-
tition between dissipative coefficients and the nonlinear
interaction of reservoir and polaritons bring a powerful
tool to achieve a new equilibrium.
V. THE MOTION OF HAMILTONIAN IN
PHASE SPACE
In this section, we focus on the motions of the po-
lariton system in phase space. Here, we consider two
components a = aeiθa , b = beiθb , population difference
s = |b|2 − |a|2, total population n = |b|2 + |a|2, the rela-
tive phase θ = θb−θa, and the product of two components
|ab| = √n2 − s2/2. From Eq.(12), the total energy of the
system can be cast into an effective Hamiltonian [59, 60]:
E = g
3n2 − s2
4
+ γs/2 + v cos θ
√
n2 − s2/2
− (λ+ iχ) n
2 − s2
2
cos2 θ. (13)
with γ = αt. The energy is only corresponding to n, s, θ
and the imaginary part of E is always a periodic function
to θ, so we just consider the real part. The fixed points of
the effective Hamiltonian correspond to the eigenstates
of the nonlinear two-level system and the extreme points
(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
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Figure 5. Evolution of the phase space motions of the Hamil-
tonian system with interaction strength g= 0.006. Parameters
are used: γR=0.496, γC=0.33, R=0.01, gR=2g, and (a1)-(a3):
γ=0, P=17; (b1)-(b3): γ=0.2, P=17; (c1)-(c3): γ=0, P=35;
(d1)-(d3): γ=0.2, P=35; and the interaction for first column:
v=0.002, the second column v=0.01 and the third column
v=0.015.
require :
∂
∂θ
E =
(
n2 − s2)λ sin 2θ − √n2 − s2
2
v sin θ, (14)
∂
∂s
E =
γ
2
− gs
2
+ 2λs cos2 θ − sv cos θ
2
√
n2 − s2 , (15)
∂
∂n
E =
3gn
2
+
nv cos θ
2
√
n2 − s2
− cos2 θ
[
2λn+
(
n2 − s2) dλ
dn
]
, (16)
with ddnλ = − gRRn
0
RR
2(γR+Rn)
2 . From Eq. (14), the fixed
points only appear when sin θ = 0 or s = ±n, or
cos θ = v
4λ
√
n2−s2 . The solution is s = ±n, or θ = 0,
pi or θ = arccos
(
v
4λ
√
n2−s2
)
. Here we have a new solu-
tion if
∣∣∣ v
4λ
√
n2−s2
∣∣∣ ≤ 1 and n represents the density of
polariton, so it must be a positive number and can be
controlled by pump rate P .
First, we want to focus on the pumping rate is near the
threshold Pth and how the adiabatic process influences
the phase space of the system. As is shown in Fig. 5 (a1)-
(a3), there are only three fixed points: one is at θ = pi and
others appear near θ = pi/2 and θ = 3pi/2, along with the
increase of v , fixed points go to the border of phase at
adiabatic process with γ = 0. In Fig. 5(a3) fixed points
P2 and P3 are the same. When γ is beyond zero, fixed
point P1 goes to the border s = −n and points P2 and
P3 go to the border s = n as is shown in Fig. 5(b1)-(b3).
7Polariton system’s particle number can be adjusted by
pumping rate and if we set P  Pth, the system will
have different results. There are 8 fixed points in phase
space: P1, P6, and P8 appear at θ = pi, meanwhile, P2
and P3 appear at θ = pi/2 and 3pi/2 and other points
appear at θ = 0 as is shown in Fig. 5(c1)-(c3). Point
P5 or point P6 is the saddle point can annihilate itself
by colliding with P1 as R changes slowly, leading to the
breakdown of adiabaticity of the tunneling [60]. Further-
more, P5 and P6 will also annihilate with P4 and P1, so
in this situation, there may be two loops at k=1/2 as are
reported in Ref. [35]. There are two saddle points when
v/2 < g, because we need to compare gn with v/2 and
in our region gn >> v/2 for P  Pth.
VI. CONCLUSION
In summary, we obtain an effective Hamiltonian of
polaritons in a periodic potential using two modes of
approaches under nonresonant pumping. In the past,
fluctuations are not under consideration for it is much
smaller than the reservoir, but it plays a very important
role in the tunneling process. The steady states of the
system provide the relative phase can only be pi/2+jpi in
Josephson junction and atoms will lose after tunneling for
fluctuations have a sudden peak near t = 0. The numer-
ical results of the tunneling process agree with Ref. [29]
very well. If we set the fluctuation of the reservoir to
a constant, the simplified model is similar to the model
discussed in Ref. [36]. Last but not least, the motion
of Hamiltonian in phase space reveals two loops in the
band structure which is obtained in Ref. [35] with differ-
ent methods.
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